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We must consider communication

Algorithms have two kinds of costs: computation and communication
@ moving data within memory hierarchy on a sequential computer
@ moving data between processors on a parallel computer

For high-level analysis, we need simple memory models:

-

SLOW

FAST

Sequential Parallel
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Runtime Model

Measure computation in terms Measure communication in terms
of # flops performed of # words communicated
Time per flop: v Time per word:

Total running time of an algorithm (ignoring overlap):

v - (# flops) + 3 - (# words)

B > ~ as measured in time and energy, and the relative cost of
communication is increasing
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Why avoid communication

Annual Improvements in Time

Flop rate
g

DRAM Bandwidth
B

Network Bandwidth
B

59% per year

23% per year

26% per year

Energy cost comparisons
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Lower bounds and algorithms

Suppose you have a bottleneck in a computation you care about,
how do you evaluate your options?

Performance models based on only computational complexity are no
longer sufficient—we must analyze communication costs.

Communication lower bounds and optimal algorithms are known for
some regular computations (e.g. matmul, FFT/sorting, SpMV, stencils),
but irregular (more data-dependent) computations are harder.
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Lower bounds for classical matrix multiplication

@ Assume ©(n?) algorithm
@ Sequential case with fast memory of size M
@ lower bound on words moved between fast/slow mem:

. —
Q(\/M) [Hong & Kung 81] T \

FAST

e attained by blocked algorithm
@ Parallel case with P processors (local memory of size M)
e lower bound on words communicated (along critical path):

Q ( m ) [Toledo et al. 04] %%
PV 5

@ also attainable
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Extensions to the rest of linear algebra

Theorem (B., Demmel, Holtz, Schwartz 11)
If a computation “smells” like 3 nested loops, it must communicate

# words = Q ( i g )

\/memory size

This result applies to
@ dense or sparse problems
@ sequential or parallel computers
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Extensions to the rest of linear algebra

Theorem (B., Demmel, Holtz, Schwartz 11)
If a computation “smells” like 3 nested loops, it must communicate

# words = Q ( i g )

\/memory size

What smells like 3 nested loops?
@ the rest of BLAS 3 (e.g. matrix multiplication, triangular solve)
Cholesky, LU, LDLT, LTL™ decompositions
QR decomposition

-]

()

@ eigenvalue and SVD reductions

@ sequences of algorithms (e.g. repeated matrix squaring)
o

graph algorithms (e.g. all pairs shortest paths)
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Optimal algorithms - sequential ©(n?) linear algebra

a N

SLow

. Optimal
Computation Algorithm
blocked algorithms ( )
BLAS 3 [Gustavson 97] W
LAPACK
Cholesky [Ahmed & Pingali 00]
[BDHS10]
Symmetric LAPACK (rarely)
Indefinite [BBD"13]
LAPACK (rarely)
LU [Toledo 977"
[Grigori et al. 11]
LAPACK (rarely)
QR [Frens & Wise 03]
[Elmroth & Gustavson 98]*
[Hoemmen et al. 12]*
Eig, SVD [BDK12], [BDD11]
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Example practical speedups

@ Computing QR decomposition
e up to 8x speedup on multicore, 3x speedup on GPU

@ Solving symmetric indefinite linear systems
e up to 3x speedup on multicore

@ Rectangular matrix multiplication (classical)
@ up to 7x speedup on multicore

@ Solving the symmetric eigenproblem for band matrices
@ up to 6x speedup on multicore
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9 Strassen’s Matrix Multiplication: Theory & Practice



Strassen’s algorithm (1969)

Strassen showed how to use 7 scalar multiplies for 2 x 2 matrix multiplication

{CH C12} _ |:A11 A12] [311 512}

Co1 Cx Azy Azl |B2y Ba2
Strassen’s Algorithm
My = (A1 + Az) - (Bi1 + Bop)
Mz = (A2q + Ag2) - By
Mz = A1 (B2 — Bz2)
My = Ag-(Bay — Byq)
Ms = (A11 +As2) - Bao
Mg = (A2t — A1) - (Bi1 + Bi2)
M7 = (A2 — Az) - (Bz1 + B22)
Cii = M +My—Ms+ M
C2 = Mg+ Ms
Cor = Mo+ M,y
Coo = My — M+ Mg+ Mg
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Strassen’s algorithm (1969)

Strassen showed how to use 7 scalar multiplies for 2 x 2 matrix multiplication

{CH C12} _ |:A11 A12] [311 B12}

Cor Ca2 Azt Axn| |Bat Bz
Classical Algorithm Strassen’s Algorithm
My = Ay B My = (A1 + Az) - (Biy + Bz2)
My = Az Bz My = (A21 + Az2) - By
My = A B2 Ms = Ay - (Biz — Bz)
My = Aiz-Bap My = Ag-(Bay — Byq)
Ms = Ag - By Ms = (A1 +A2) B
Ms = Az - By Ms = (A2t — A1) - (By1 + Bi2)
M7 = Az By M; = (A2 — Ax) - (Bay + Bzp)
Mg = Az Bx
Chn = M +M Cii = M+ My—Ms+ M
Ciz = My+ My Ciz = M+ Ms
Coy = Ms+ Mg Cor = Mo+ My
Con = M+ Mg Coo = My — M+ My + Mg
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Strassen’s algorithm (1969)

Strassen showed how to use 7 scalar multiplies for 2 x 2 matrix multiplication

{CH C12} _ |:A11 A12] [311 B12}

Cor Co Axi Az |B2y B
Strassen’s Algorithm
For n x n matrices, we split into My = (A1 + Ag) - (Bi1 + Bag)
quadrants and use recursion Mo = (A1 + Ag) - By
Mz = Ay - (Bi2 — Bz)
My = Ag-(B21 — Bi1)
Flop count recurrence: M = (A +Ai) - B
Ms = (A2t — A1) (Bi1 + Bia)
F(n)=7-F(n/2)+ O(n2) Mz = (A12— Ag) - (B21 + Bz)
F(1):1 Ciit = M+ My—Ms+ M,
F(n)=0 (n'ogz 7) Co = M+ Ms
Cor = Mo+ M,y
Coo = My — M+ M+ M

log, 7 ~ 2.81



Strassen’s algorithm (1969)

Strassen showed how to use 7 scalar multiplies for 2 x 2 matrix multiplication

{CH C12}_{A11 A12] [311 B12}
Co1 Cx Azt Ax| |Byy B

Strassen’s Algorithm

For n x n matrices, we split into My = (A +Az) - (Bt + Bz)
quadrants and use recursion Me = (A1 + Az2) - Bus
My = Ayy-(Bi2 — Bxp)
My = Ag-(B21 — Bi1)
Word ; _ Ms = (A11 +As2) - Bao
ord count recurrence: Ms = (Azt — A1) (Bi1 + Brz)
M; = (A2 — Az) - (B2y + B22)
W(n) =7- W(n/2) + O(n?)
W(*/M) — O(M) Cit = My+My— M+ M
" log, 7 C2 = Mg+ Ms
wm=0((1) M| G = tm
vM Coo = My — M+ M+ M
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Communication costs of matrix multiplication

Classical Strassen’s

& o) ol

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors
References:
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Communication costs of matrix multiplication

Classical Strassen’s

& o) of(w )

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors
References: [BDHS11],

Ballard 10



Communication costs of matrix multiplication

Classical Strassen’s

3 o)) o()w

son

Par
v R
-

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors

References: [BDHS11],
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Communication costs of matrix multiplication

Classical Strassen’s

& o((™) o)

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors

References: [BDHS11],
10
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Communication costs of matrix multiplication

Classical Strassen’s

& o((™) o)

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors

References: [BDHS11], [BDH*12a],
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Communication costs of matrix multiplication

Classical Strassen’s

& o((™) o)

(=] i
O (i)

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors

References: [BDHS11], [BDH*12a],
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Communication costs of matrix multiplication

Classical Strassen’s

& o)) o))

Par © ((\;M)logzs ",;’)

|
e i
(wmzs) O (eff)

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors

References: [BDHS11], [BDH*12a],
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Communication costs of matrix multiplication

Classical Strassen’s

& o)) o))

Par © ((\;M)logzs ",é’)

|
= 2
(wmzs) © (off)

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors

References: [BDHS11], [BDH"12a], [BDH" 12b],
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Performance of optimal algorithms on large problem

Strong-scaling on a Cray XT4, n = 94,080

Optimal Strassen

ol Old Strassen

machine peak (for classical algorithms)

Effective GFLOPS per node

ScaLAPACK (classmal)

P=49 P=343 P=2401
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Execution time of optimal algorithms on small problem

Strong-scaling on a Cray XE6, n = 4704

Scal APACK (classical)

|
@

s
53, 82" %0 - 2" Optimal
3 Classical

Execution time, seconds

0.1
‘\BEE\EFL =8 o
B Ry ep
W\ P
lu}
Optimal Strassen
001 L ! ! ! !
1 10 100 1000 10000
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Communication costs of matrix multiplication

Classical Strassen’s

& o)) o))

Par © ((\;M)logzs ",é’)

|
= 2
(wmzs) © (off)

Units = (max) words communicated
O = algorithm exists, Q = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors

References: [BDHS11], [BDH"12a], [BDH" 12b],

Ballard



Communication costs of matrix multiplication

Classical Strassen’s Fast: o(n*°) flops

) M) o ()™ M) e () M)

‘U)
)]
Q9
O)
N
—
gl

Par © ((’b)logzg ",é’)

2 n2 2
© (pfters) o (pft) o (5)

Units = (max) words communicated
O = algorithm exists, Q2 = lower bound exists, © = both exist
n = matrix dimension, M = fast/local memory size, P = number of processors
References: [BDHS11], [BDH*12a], [BDH'12b], [BDHS12, BDHS14]
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How small can wg get?

People have worked on this problem for decades!
@ “fast” algorithms multiply matrices using O(r?) flops, wy < 3
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How small can wg get?

People have worked on this problem for decades!
@ “fast” algorithms multiply matrices using O(r?) flops, wy < 3

Exponent over time

classical
3

2.8r

2.6

241 Coppersmith-Winogra

2.2r

2
1960 1970 1980 1990 2000 2010
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How small can wg get?

People have worked on this problem for decades!
@ “fast” algorithms multiply matrices using O(r?) flops, wy < 3

Exponent over time

classical
3

2.8r

2.6

241
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How small can wg get?

People have worked on this problem for decades!
@ “fast” algorithms multiply matrices using O(r?) flops, wy < 3

Exponent over time
Most fast algorithms are only

theoretical because they 5 s

@ involve approximations
e A-B=C+)\E 28y
@ are not explicit 26l
e only proofs of existence
@ have (possibly) large constants or
log factors

@ most theoreticians care about
only the exponent w in O(n“*¢)

241

2
1960 1970 1980 1990 2000 2010
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a Searching for Fast Matrix Multiplication



Practical Fast Algorithms

@ Strassen’s algorithm is practical
@ Many algorithms are better in theory, are any better in practice?
@ Can we find practical algorithms that have been overlooked?

@ Can we implement and benchmark all known algorithms?

Ballard 15



Fast algorithms are based on recursion

Strassen showed how to use 7 multiplies instead of 8 for 2 x 2 multiplication

{CH C12} _ |:A11 A12] [311 B12}

Cor Co Axi Az |Bay B
Classical Algorithm Strassen’s Algorithm
My = Aq- By My = (A1 + Az2) - (Bi1 + Bz2)
My = Aqz2- By My = (A2t + Az)- By
Mg = Aq-Bie Mz = A1 - (Bi2 — Bz)
My = A2 B My = Ag-(B21 — Bi1)
Ms = A - By Ms = (A1 +A2) B
Ms = Aga- Bay Ms = (A21 — A1) - (B11 + By2)
Mz = Ag-By2 M7 = (A2 — Az) - (Bz1 + B22)
Mg = Ag- B
Ci = M+ M Cii = M+ My—Ms+ M
Co = Mg+ My C2 = Mg+ Ms
Cor = Ms+Ms Cor = Mo+ My
Coo = M7+ Mg Coo = My — M+ M+ M

Ballard 16



Recursion allows us to focus on base case
2x2x2
{811 312] [bﬁ b12] _ [011 C12}
a1 ap| |b21 b Co1 Co2

multiplies 6 7 8
flop count | O (n?%8) | O (n?®") | O(n®)

Ballard 17



Recursion allows us to focus on base case
2x2x2
[311 812] [bﬁ b12] _ [011 C12}
ax ap| |bo1 boo Co1 G2

multiplies 7 8
flop count n"R8) | O(n*8") | O(n?)

Ballard 17



Recursion allows us to focus on base case

2x2x2
[311 812] [bﬁ b12] _ [011 C12}
ax ap| |bo1 boo Co1 G2
multiplies 7 8
flop count n"R8) | O(n*8") | O(n?)
3x3x3
ayn a2 ais b1 bz bis Ci1 Ci2  Ci3
8y ax aus| |[ba bx bs| = |C1 G2 O3
ds1  ds2 ass b3y bsx  baz C31 C32 Cs3
multiplies 19 21 23 27
flop count | O (n*%8) | O (n?7") | O (n*®) | O (n®)

Ballard



Searching for a base case algorithm

Finding a better base case corresponds to computing a low-rank
decomposition of a particular 3D tensor

— /7

= H:+---+ H:

R
T:Zu,‘ovl‘ow,'

r=1

This is the main problem to solve
@ various ways to attack it, but basically a search problem
@ as base case gets bigger, tensor dimensions and rank get bigger

Ballard 18



Matrix multiplication as a tensor operation

A.B— <a11 a12> . <b11 b12> _ <C11 C12> _c
a1 a» bo1  boo Co1 Co2

is equivalent to

an o Ci ’

az biz | _ | cr2 < e
T X1 X2 . 1 2 =

azt by C21

az2 bz Co2

where J is a 4 x 4 x 4 tensor with the following slices:
1 1
T = ! Ty = o= 1 Ty = ’
1 1

Ballard 19



Low-rank decomposition for Strassen

7
TZZUrOVrOWr

r=1

Strassen’s decomposition is represented by these 3 factor matrices:

10101 -1 0
u_[0 0001 o 1
=lo 1 000 1 o0

11010 0 -1

11 0 -101 0
v_lo o 1 0o 010
=loo 0o 1 0 0 1

10 -1 0 1 0 1

1 0 01 -1 0 1

0O 1 01 0 0 0
W=1lo0 0 10 1 0 o0

1 2111 0 0 0
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Connection between factor matrices and algorithm

Strassen’s algorithm Strassen’s factor matrices:
My = (A11 + Ax2) - (By1 + Bx)
101 01 -1 0
My = (Az1 + Ax)- By 0000 1 0 1
My = Aui-(Biz - Bz) U=lo 1 000 1 o
My = Ag- (B2t — Biy) it 1010 0 -1
Ms = (A11+As2) Ba 11 0 -1 0 1 0
Ms = (A21 — Aq1) - (Bi1 + By2) v_ |0 0 1 0 0 1 0
My = (Aip— Ao (Boy + B 00 0 1 0 0 1
7 (Arz — Az2) - (B2t + Bz2) 10 1 0 1 0 1
Cit = My+My—Ms+ M, i 0 0 1 —1 0 1
_ (o 0o 10 1 00
Cra = Ms+Ms W=1l0 1 01 0 0 0
Cor = Mo+ M, 1 -1 10 0 10
Cop = My— M+ M+ M

U, V., W matrices encode the algorithm

Ballard 21



Connection between factor matrices and algorithm

Strassen’s algorithm Strassen’s factor matrices:
My = (A1 + Az) - (Bi1 + Bzo)
My = (A21 + Az2) - Bis My M, My My Ms My M
Ms = At (B2 — Bx) :11 1 1 1 - 1
My = Ag- (B2t — Biy) u A;? 1 1
Ms = (A1 +A2) B Ao | 1 1 1 —1
Ms = (A2t — A1) - (By1 + Bi2) By | 1 1 —1 1
M; = (A1 — Ag) - (B2 + B2) v ?2 ! ] 1 |
21

Boo 1 —1 1 1
Ci1 = M +M—Ms+ M Cip | 1 i 1
Cio = Ms+Ms w g;f A
Cor = M+ M, Coo | 1 —1 1 1
Cop = My— M+ M+ M

U, V., W matrices encode the algorithm

Ballard 21



Main search problem

Given base case dimensions M, P, and N (multiplying M x P and
P x N matrices), the tensor I € {0, 1}MPxPNxMN jg gnecified.
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Main search problem

Given base case dimensions M, P, and N (multiplying M x P and
P x N matrices), the tensor I € {0, 1}MPxPNxMN jg gnecified.

Then for some desired rank R < MNP, find
U c FMPXR_y c pPNXR W ¢ FMNxR

such that
R

tik =>  UpVypw forall ij k

r=1

(these (MNP)? scalar constraints are equivalentto 7 = 3" u, o v, o w;)
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Main search problem

Given base case dimensions M, P, and N (multiplying M x P and
P x N matrices), the tensor I € {0, 1}MPxPNxMN jg gnecified.

Then for some desired rank R < MNP, find
U c FMPXR_y c pPNXR W ¢ FMNxR

such that
R

tik =>  UpVypw forall ij k

r=1

(these (MNP)? scalar constraints are equivalentto 7 = 3" u, o v, o w;)

@ solution corresponds to algorithm with wy = 3logypy A

Ballard



How do you solve it?

Problem: Find U, V, W such that 7= > u,ov,ow,

@ the problem is NP-complete (for general )
@ many combinatorial formulations of the problem

o efficient numerical methods can compute low-rank approximations

e typical approach is “alternating least squares” (ALS)

e pitfall: getting stuck at local minima > 0

e pitfall: facing ill-conditioned linear least squares problems
e pitfall: numerical solution is good only to machine precision

@ we seek exact, discrete, and sparse solutions

Ballard 23



Alternating least squares with regularization

Most successful scheme due to Smirnov [Smi13]

Repeat

o ) T 2 (12
U= argUmIn HT(U) —UWoV) H,_- +A HU B UHF

[2) 2 2
V= argvmin HT(V) —V(WQU)THF+)‘HV_VHF

o

_ 112 . 112
W= argwmln HT(W) —-W(\Voeu) HF + A HW - WHF
Until convergence

Art of optimization scheme in tinkering with ), U, V, W (each iteration)
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Discovered algorithms

Algorithm Multiplies Multiplies  Speedup per

base case (fast) (classical) recursive step o
(2,2,3) 11 12 9% 2.89
(2,2,5) 18 20 11% 2.89
(2,2,2) [Stre9] 7 8 14% 2.81
(2,2,4) 14 16 14% 2.85
(3,3,3) 23 27 17% 2.85
(2,3,3) 15 18 20% 2.81
(2,3,4) 20 24 20% 2.83
(2,4, 4) 26 32 23% 2.82
(3,3,4) 29 36 24% 2.82
(3,4,4) 38 48 26% 2.82
(3,3,6) [Smi13] 40 54 35% 2.77
(2,2,3)* [BCRL79] 10 12 20% 2.78
(3,3,3)* [Sch81] 21 27 29% 2.77
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Example algorithm: (4,2 4)

Partition matrices like this:

A1 Az Ci1 G2 Ci3 Cua
Azt Az [31 1 B2 Biz By 4] _ |Gt G2 Coz Cog
Azt Asz| |Bat Bao Bos Bog C31 Cs2 C3z Cas
Arr Ag Cs1 Caz Cuz Cua

© Take 26 linear combos of Aj’s according to U (68 adds)
@ Take 26 linear combos of Bj’s according to V (52 adds)

© Perform 26 multiplies (recursively)
© Take linear combos of outputs to form Cj’s acc. to W (69 adds)

Classical algorithm performs 32 multiplies yielding a possible speedup of 23% per step

Ballard 26



0 Practical Performance of Fast Matrix Multiplication



How do these algorithms perform in practice?

@ All these algorithms have the same structure:
e perform additions according to U, V, W, and make recursive calls

@ Code generator can translate U, V, W into an implementation

@ Sequential performance is based on:

e classical multiplication implementation performance (vendor library)
o efficiency of additions
e crossover point of fast to classical

@ Parallel performance depends also on parallelization approach

Ballard 27



Classical performance

Intel's Math Kernel Library (MKL) dgemm
Square Matrix Multiplication (Sequential)

25
20}
15}
10¢{

0 1000 2000 3000

Dimension (n)

GFLOPS

@ shape of dgemm curve gives rule of thumb for crossover point
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Performing (and optimizing) additions

Additions are completely memory bandwidth bound
@ time is proportional to communication (flops are free)

We micro-benchmarked three approaches:

@ Pairwise: most straightforward

© Streaming: minimizes communication (in theory)
© Write-once: best performance

We also considered common subexpression elimination

@ can help pairwise and streaming approaches
© often hurts write-once approach

Ballard 29



Write-once approach to additions

S, S, S, SA S¢ Se S;

St = A1 — Az + Az
Sy = Az — A2

Ballard 30



(%)
S
<
e
=
o
Lol
@
—
(%))
©
—
—
o
)
o
=
©
S
b
@)
—
b
)
o
©
o=
=
)
>
(o)
)
0p)

Square Matrix Multiplication

PSR Ty Sy

3000 4000 5000 6000 7000 8000
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Sequential performance of fast algorithms

Square Matrix Multiplication

T SXETEREERTER
28t 1
§ S 4§ ~Z~-§~=X
261 & S @;'-g & LR
» R ﬁ R ¥
o .
‘u_.? 24r 1
0] -
Q22 ,% K - MKL
3 0 -A-STRASSEN
o0/ Py’ -%-BINI
! -V-<3,2,3>
18 ,', <3,3,3>
) -6-<4,2,4>
‘ -0-<3,3,6>

11%00 2000 3000 4000 5000 6000 7000 8000
Dimension (n)
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Sequential performance of fast algorithms

Rectangular Matrix Multiplication

Sequential performance on n x 1600 x n Sequential performance on n x 2400 x 2400

27|
4 -%-MKL
226 “Ho-<4,2 4>
© 25 -©-<4,3,3>
2 . <3,2,3>
8 24K -A-STRASSEN
Yo -X-BINI

6000 12000 14000 16000 18000
Roo 000 sg?gensions&%o 10000 12000 Dimenaon (n)

o I =

(Y (Y
@ best algorithms match “shape” of problem
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Parallelization schemes: recursion tree traversal

We consider 3 methods for shared-memory parallelization,

Ballard

based on traversing recursion tree

C
M—\
Ml MZ M7
/-I\
Ml M2 IV|7




Parallelization schemes: recursion tree traversal

DFS: depth first search is simplest scheme
@ all parallelism in calls to dgemm, always load balanced
@ requires large subproblems for high performance

C
M\
M, M, M.,
/‘\
Ml MZ M7

All threads
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Parallelization schemes: recursion tree traversal

BFS: breadth first search relies on sequential dgemm
@ maintains high performance for small subproblems
@ load balancing of multiplies is no longer guaranteed

C
/"\
Ml Mz M7
/4\
M, M, M,
1 thread 1 thread 1 thread

@ 2 steps of Strassen creates 49 subproblems; we have 24 cores

Ballard 33



Parallelization schemes: recursion tree traversal

HYBRID
@ use BFS as much as possible
@ use DFS to load balance leftovers

C
Ml MZ et M7
Ml MZ "t M7
1 thread 1 thread all threads

@ 2 steps of Strassen creates 49 subproblems; we have 24 cores

Ballard



Parallel performance of fast algorithms

Parallel performance of Strassen on <n,n,n>

25
201
<
o
o
2
o 151
—
[T
(0]
g
310 —MKL, 6 cores
i} -©-MKL, 24 cores
-+-DFS, 6 cores
-%-BFS, 6 cores
57 HYBRID, 6 cores
DFS, 24 cores
-A-BFS, 24 cores
0 ‘ . [-0-HYBRID, 24 cores
0 5000 10000 15000

Dimension (n)

Ballard 34



Parallel performance of fast algorithms

Parallel performance of Strassen on <n,n,n>

25
201
<
o
o
2
& 151
—
[T
(0]
g
8 1or —MKL, 6 cores
i} -©-MKL, 24 cores
-+-DFS, 6 cores
-%-BFS, 6 cores
57 HYBRID, 6 cores
DFS, 24 cores
-A-BFS, 24 cores
0 ‘ . [-0-HYBRID, 24 cores
0 5000 10000 15000

Dimension (n)

@ at 24 threads, not only are the additions bandwidth bound, but they don’t scale
as well as the multiplies (bandwidth scaling is < 6x)
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Conclusions

@ in theory, fast algorithms reduce both computation and
communication

@ in practice, fast algorithms like Strassen’s can outperform dgemm
@ for square matrices, Strassen’s algorithm is hard to beat
@ for rectangular matrices, algorithm should match the shape

@ shared-memory parallelization faces bandwidth bottleneck
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Open questions

@ What are the numerical properties of all these algorithms?

© How will they perform on distributed-memory parallel
architectures?

© Have we exhausted the possibilities of practical fast algorithms?

©Q Can we use fast algorithms in the context of linear algebra and
other applications?
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Factor exceeding

Factor exceeding

Algorithm Reference lower bound for lower bound for
# words # messages
Matrix Multiply [Can69] 1 1
Cholesky ScalLAPACK log P log P
Symmetric [BBD™13] ? ?
Indefinite ScalLAPACK log P (N/P"?Ylog P
LU [GDX11] log P log P
ScalLAPACK log P (N/P'?Ylog P
QR [DGHL12] log P log® P
ScalLAPACK log P (N/P'/2)log P
. [BDK12] ? ?
SymEig, SVD | g cal APACK log P N/P/2
) [BDD11] log P log® P
NonsymEig | goal APACK P'/210g P Nlog P
*This table assumes that one copy of the data is distributed evenly across processors
Red = not optimal ? B
PR

i

‘,,ﬁ



Matmul-as-tensor-operation using low-rank

decomposition

Here’s the matrix multiplication as tensor operation again:
T xiaxob=c¢

Here’s our low-rank decomposition:

R
TZZUrOVrOWr

r=1

Here’s an encoding of our new matrix multiplication algorithm:

R R
Txraxzb=> (Uoviow)xjaxzb=> (a’u,)-(b'v,)-w,

r=1 r=1
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Connection between factor matrices and algorithm

Classical algorithm: Classical factor matrices:
My = Ay By
P = 1 1
My = Ay1-By2 U= ! ! 1 1
My = Az B 1 1
Ms = A - By 1 1
Ms = Ag- Bo 1 1
My = Ap B V= ( 1 1 )
Mg = Ag-Bx 1 1
Ci = M+ M 1 1
Co = Mz+ M, W= T
Cx = Ms+ Ms L 14
Cr = M7+ Mg
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Code generated vs tuned performance

Sequential performance on N x N x N

30
jo)
28 _0B--0
I B S
%) B0 Tt
o L s TNy,
(@) Q - ;‘8‘: Il *
i 26’ 1 ’ ‘*’
(5 3 ’*~II /'
° L ,/“‘A'
= < '
B 241 0.
Q
(T
227 - MKL DGEMM
-%-Code generated Strassen
-©-D’Alberto Strassen-Winograd

%%OO 3000 4000 5000 6000 7000 8000
dimension (N)
Tuned code: [DBN11]
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Parallel performance of fast algorithms

Parallel performance of <4,2,4> on <n,2800,n>

25F
20r
[0
S
o
o AN, A
§ 15F AAAA’A AMT
[T
O]
[0
2
8101 —%MKL, 6 cores
] -©-MKL, 24 cores

-+-DFS, 6 cores

-%-BFS, 6 cores

5 HYBRID, 6 cores
DFS, 24 cores

-A-BFS, 24 cores

-©-HYBRID, 24 cores

. .
5000 10000 15000
Dimension (n)
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Parallel performance of fast algorithms

Parallel performance of <4,3,3> on <n,3000,3000>

251

N N N N N o a e g
ﬂ'—g-r&vﬁmvﬂﬁ,;azﬁ.«g;wﬂ;ﬁv:gng.g; o Py B T
oS

o
12}

20F

Q

) o
AEZEBNANALANALANALANALNE

(Y] -*-MKL, 6 cores
-©-MKL, 24 cores
-+-DFS, 6 cores
-%-BFS, 6 cores
5 HYBRID, 6 cores
DFS, 24 cores
-A-BFS, 24 cores
-©-HYBRID, 24 cores

. .
5000 10000 15000 20000
Dimension (n)

Effective GFLOPS / core
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